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Ajire6paHHecKoe ;],OKa3aTejibCTBO jiHHefiHbix aeopeM 
KoHBea rop;],OHa-3aKca h Ban KaMneHa-Ojiopecci0 

M. H. BorflanoB, A. A- MaTyniKHH 


Abstract. In this paper we present short algebraic proofs of the Linear Conway-Gordon- 
Sachs and the Linear van Kampen-Flores theorems in the spirit of the Radon theorem on 
convex hulls. 

Theorem. Take any n + 3 general position points in MT. If n is odd, then there are two 
linked (n + 1)/2-simplices with the vertices at these points. If n is even, then one can choose 
two disjoint {n+ 2)/2-tuples such that the interiors {n/2)-simplices with the vertices at these 
{n + 2)/2-tuples intersect each other. 

This theorem is interesting even in case of small dimensions. 


1 BBe^GHHe 

B ^aHHOH padoxe npe^jiararoxcn KopoxKne ajiredpannecKne ^oKaaaxejincxBa KjiaccnnecKnx 
xeopeM o nepeceneHHH n aapenjienHocxn. Ilojinnie nepcnn xeopeM KonBen-LopflOHa-SaKca 
H Ban KaMnena-Ojiopeca 6 bijih ccJiopMyjmpoBaHBi cooxBexcxBenno ^jih nenpepniBHBix bjio- 
jKeHHH nojiHoro rpacjia na n + 3 BepmnHax b M" (xonnee, aBxopni ^OKasajin oxy xeopeMy 
fljin mecxH xonex b M^) h nenpepniBHBix BjioJKeHnn n-Mepnoro ocxoBa ( 2 n + 2 )-MepHoro 
cmvmjieKca b (cm. [T]). Mbi odcyjK^aeM jinneftHBie (xo ecxn dojiee nacxHBie) anajiorn 
9 XHX xeopeM. OxMexHM, nxo nsBecxHBi ^pyrne npocxBie ^oKaaaxejiBcxBa paccMaxpnBaeMBix 
xeopeM (cm., nanpnMep, [ 2 ], [^, | 1 ]), ocnoBannwe na n^ee noHnacenna pasMepnocxH. Teo- 
peMBi KonBen-LopflOHa-SaKca n Ban KaMnena-Ojiopeca nnxepecHBi yace b cjiynae Majinix 
pasMepnocxen. Mbi cnanajia c(|iopMyjiHpyeM nx ^jia xpexMepnoro n nexBipexMepnoro npo- 
cxpancxB cooxBexcxBenno, a saxeM o 6 o 6 iii;hm (JiopMyjmpoBKii n npe^cxaBHM ^oKasaxejiBcxBo 
ododmeHHBix xeopeM. 

IlycxB A H A' — ^Ba xpeyrojiBmiKa b npocxpancxBe, cpe^n mecxn Bepmnn KoxopBix nn- 
KaKiie 4 ne jiencax b o^hoh njiocKocxn. By^eM roBopnxB, nxo oxn xpeyrojiBHHKii sayenAenu, 
ecjiH KOHxyp xpeyrojiBHHKa A nepecexaex BnyxpennocxB xpeyrojiBHHKa A' b e^HHcxBeHHon 
xouKe. 

TeopeMa 1 (JlnnennaH Bepcnn xeopeMBi KonBen-Lop^oHa-SaKca, nacxHBin cjiynafi). //aa 
ATodux 6 moHCK 6 mpexMepnoM npocmpancmee, nuKOKue 4 U3 Komopux ne Aecncam e odnou 
nAOCKocmu, naudymcA dea sayenAemux mpeysoAunuKa c eepmunaMU e omux mouKax. 

^RoKasaTejibCTBO boshhkjio b peayjiBxaxe o6cy}K.zi,eHHH na ceMnnapax no flncKpexnoMy anajinay na (ha- 
Kyjibxexe HnnoBannii n bbicokhx xexHOJiornn Mockobckoxo (hHSHKO-xexHHnecKoro nncxHxyxa. 
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TeopeMa 2 (JlHHefiHaa BepcHH TeopeMti Ban KaMnena-®jiopeca, nacTHBiH cjiynaii). Cpedu 
a'K)6ux 7 mouen e nemupexMepHOM npocmpancmee, nuKanue 5 U3 Komopux ne Aeatcam e od- 
HOM mpexMepHOM a^^uHHOM nodnpocmpaHcmee, mochcho eu6pamt> dee HenepeceKamipuecH 
mpouKu moHCK manue, nmo mpeyeoAhHUKU c eepmunaMu e hux nepeceKammcA. 

SaMenaHHe. B opmuHaAhHux ^opMyAupoeKax meopeM [I] e^uecmo cyvnecmeoeanuH uc- 
KOMUX nodnadopoe mouen ymeepMcdaAcn doAee cuAbHuu ^aKm o HenemHocmu hucax ucko- 
Mux nodnadopoe. UpedAo^tceHHoe nauu donasameAhcmeo ododmenuH meopeM\^u\^MOMcem 
dumb ododvu,eHO na cAyuau maKux doAee odiu,ux cfiopMyAupoeoK. 

CcJiopMyjiHpyeM xenepB o6o6iri;eHHe xeopeM [T] h [2j 

By^eM roBopHXB, hxo xohkh Ai, A 2 , ..., Am € K"', m > n, naxo^axcH e odvyeM noAOMce- 
Huu, ecjiH HHKaKHe n + 1 H3 HHx He jiejKax b o^hoh xHnepnjiocKocxH (xo ecxB b a(|)4)HHHOM 
no;];npocxpaHcxBe pasMepnocxH n — 1). 

riycxB A H A' — ^Ba n-MepHBix cHMnjieKca b BepniHHBi Koxopnix naxo^axcH b 06- 

n];eM nojiojKeHHH. Tor^a 3xh cHMHjieKCBi sayenAenu, ecjiH rpaHHpa cHMnjieKca A nepeceKaex 
BHyxpeHHOCXB CHMHJieKCa A' B e^HHCXBeHHOH XOHKe. 

TeopeMa 3. IJycmb danu n + 3 mouKu odvyezo noAOMcenuA e M"'. Toeda, ecAU n HenemHO, 
mo cyvyecmeymm dea HenepeceKamiyuxcA noduadopa no (n + 3)/2 moneK, eHympennocmu 
eunyKAUx odoAoneK nomopux nepeceKammcH. Ecau otce n Heuemno, mo cyvyecmeymm dea 
nenepeceKamvyuxcA noduadopa no (n + 2)/2 moHen, eunynAue odoAouKu Komopux sayenAe- 

HU. 


2 ^OKasaTejibCTBO TeopeMbi [3 


B ^oKaaaxejiBcxBe xeopeMBi mbi 6y^eM nojiBsoBaxBCH cjie^yiomHM sKBHBajienxHBiM onpe^e- 
jieHHeM o6n];HocxH nojiojKeHHH xoneK. 

Tohkh Ai, A 2 , ..., Am G M”, m > n, naxo^HxcH e odtyeM noAootceuuu, ecjiH yjis jhoGbix 
Bq, Bi, . . . , Bn H3 HHX BeKXOpBI Bi — Bq, B 2 — Bq, . . . , Bn — Bq JIHHeHHO He3aBHCHMBI. 


2.1 HanajiG ^OKasaxejibCTBa 

06o3HaHHM xoHKH H3 ycjioBHH xeopeMBi Hepe3 Ai, A2, ..., An+s- PaccMoxpHM cjie^yiomyio 
CHcxeMy jiHHeilHBix ypaBHennii oxHocHxejiBHo BemecxBeHHBix nepeMeHHBix xi , X2 , ■ ■ ■, Xn+^'- 

I X\Ai + X2A2 + . . . + Xn+^An,+^ = 0 , 

+ 0:2 + ... + Xn+z = 0. 

IIoCKOJIBKy B 3XOH CHCXeMB H + l CKajIHpHBIX ypaBHeHHH H n + 3 HeH3BeCXHBIX, xo pa3Mep- 
HocxB npocxpaHcxBa ee pemeHHH ne MeHBme ^Byx. A b cHjiy o6hi;hocxh nojiojKeHHH xonex 
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Ai, A 2 , ..., ^n+3 Jiio6t,ie n + 1 CTOJi6n,OB MaTpHn,t,i ^aHHoii cHcxeMbi jiHHeiiHo HeaaBHCHMbi. 
SnaHHT, pasMepHocTB npocxpancTBa pemennH b xohhocxh paBna ^ByM. TaKHM o 6 pa 30 M, 
^aHHaH cHcxeMa ypaBHennH aa^aex ^ByMepHyio hjiockocxb b (tt, + 3 )-MepHOM npocxpancxBe 
napaMexpoB. OGoanaHHM sxy hjiockocxb nepea 7. IloKOJiBKy jiioGbie n + 1 cxojiGpoB Maxpn- 
PBI CHCXeMBI jiHHeHHo HeaaBHCHMBi, xo npH 7,o6aBjieHHH K cHcxeMe ([T]) jiioGoro h 3 n + 3 
ypaBHeHHH BH7;a 

Xi = 0, 

r7;e i G {l, 2 ,...,n + 3 }, pasMepnocxB npocxpancxBa pemeHHil yMeHBinnxca na 1 . Hnane 
roBopa, npocxpancxBO pemeHHH 7,onojiHeHHOH CHCxeMBi — npaMaa b njiocKocxH 7, npoxo- 
Hepea xonxy ( 0 , 0 ,..., 0 ). OGoanaHHM axy npaMyio nepea B cHJiy jiHHefiHofl neaa- 
BHCHMocxH jiioGbix 77, + 1 cxojiGpoB MaxpHpBi cHcxeMBi ([T]) npsMBie £i,i2, ■ ■ ■ ,£n+3 nonapHo 
paajiHHHBi. 

PaccMoxpHM B njiocKocxH 7 npoH 3 BOJiBHyio xoHKy X = {xi,X2,... jXn+s), He jie>Kani;yio 
HH Ha 07 ;hoh h 3 npHMBix ii, £2,..., £n+3- OGoanaHHM Hepea u 7;yry oKpyjKHocxH b hjiockocxh 
7 C peHXpOM B XOHKe 0 , KOHpaMH KOXOpOH HBJIHIOXCH XOHKH X H —X = (— Xi, —X2-, ■ ■ ■ , —Xn+3). 
J\jis jHoGoro i = l,2,...,n + 3 npHMaa £i pa 37 ;ejiHex hjiockocxh 7 na 7;Be nojiynjiocKocxH, b 
07;hoh h 3 KoxopHix i-Hie Koop7;HHaxHi xohck nojioJKHxejiHHHi, a b 7;pyroH — oxpHpaxejiHHHi. 
Cjie7,OBaxejiHHo, npn 7;BH>KeHHH no 7;yre uj ox xohkh x k xohkc —x npn nepexo7;e nepea 

JIIoGyiO H 3 npHMHIX £i,£ 2 , . . . ,£n +3 HHCJIO HOJIOJKHXejIHHHIX KOOp7;HHaX XOHKH HaMCHHeXCH 
POBHO Ha 1 . 

JleMMa 1. Uycmh Heny/ieeasi mouKa x = {xi,X 2 , ■ ■ ■ ,Xn+ 3 ) sieAsiemcsi pemenueM cucme- 
MU o. Tosda eunyKAue o6oaohku MHOMcecme {Ai, £* > 0} w {Ai, Xi < 0} nepecenammcH 
no enympeHneu Oah o6eux eunyKAux oBoaohck mouKC. 

/{oKasameAbcmeo acmmu. OGoanaHHM nepea /■*“ MHOJKecxBo xaKHxHH7;eKcoB i G { 1 , ... ,n + 3}, 
pjis KoxopHix Xi > 0, Hepea I~ — MHOHcecxBo HH7;eKcoB i G {l,2,...,n + 3}, pjis Koxopnix 
Xj < 0 . B cHjiy xoro, hxo x aBjinexcH pemenneM cHcxeMHi ([T]), BHinojiHeHHi paBencxBa 


Z] XiAi 
iei+ 


E = 

ie/+ 


= E {-XiAi), 
iGl- 

E {-Xi) =: S. 

i&I- 


C jie7,OBaxe jiHHo, 



i£l+ 



i&I-^ 


3x0 oananaex, hxo BHinyKjiHie o6ojiohkh naGopoB xohok {Ai, i G I'^} h {Ai, i G /“} 
nepeceKaioxcH. IlocKOJiHKy Bce HHCJia Xi, i G U I~, HeHyjieBHie, xo xoHKa nepeceHeHHH 
HBjiHexcH BHyxpeHHefl pjis o6eHx BHinyKjinix o6ojioHeK. □ 
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2.2 Cjiynan HexHoro n 

riocKOJibKy y o^HOH H3 ToneK X H —X nojiojKHTejiBHbix Koop;];HHaT He MeHbme, hbm {n + 2)/2, 
a y flpyroH — ne Gojitme, hcm (n + 2)/2, to cymecTByex xaKoe i G {1, 2,... ,n + 3}, hxo 
y TOHKH nepeceHeHHH ^yrn u c npHMOH ii Gy^ex poBHo no (n + 2)/2 nojiojKHxejiBHwx h 
oxpnpaxejiBHBix Koop^^nnax. OGoananHM oxy xonxy nepeceneHHH aa x. Tor^a no jieMMe [T] 
BBinyKjiBie oGojiohkh naGopoB {Ai, Xj > 0} n {Ai, Xi < 0}, aBjiHioni;Hecn (n + 2)/2-MepHBiMH 
CHMnjiecKaMH, nepecenaiOTca no BnyxpeHnen xonne. 

2.3 Cjiynaii HenexHoro n 

OneBH^HO, nxo ^Ba (n+l)/2-MepHBix CHMnjieKca A n A' b M”, Bepninnw Koxopnix naxo^nxcn 
B o6n];eM nononcennH, sapenjienBi xor^a n tojibko xor^a, Kor^a onn nepecenaioxcn no oxpea- 
Ky, npnneM o^nn h 3 KonpoB axoro oxpeaKa nBjinexcn BHyxpennen xohkoh CHMnjieKca A 
H rpaHHnnoH tohkoh ^jih cHMnjieKca A', a ;];pyroH Konep, naoGopox, — BnyxpeHnen tohkoh 
fljin cHMnjieKca A' n xpaHnnHon tohkoh ^jih cHMnjieKca A. 

riocKOJiBKy y o^non na xoneK x n —x nojioJKnxejiBHbix Koop^^nnax ne Mentme, neM 
{n + 3)/2, a y ;];pyroH — ne Gojitme, neM (n + 3)/2, xo cymecxByioT xanne ^ne xohkh 
nepecenenna ^yrn u c npnMBiMn £ 1 ,^ 2 , •• • ,^n+ 3 , ^to Menc^y hhmh na flyre uj nex ^pyrnx 
xoneK nepecenennH c npnMBiMn n, KpoMe xoro, y o^non na axnx xoneK (n + 3)/2 nojio- 
jKHxejiBHbix n (n + l)/2 oxpnpaxejiBHbix Koop^nnax, a y ^pyron (n + 3)/2 oxpnpaxejiBHbix 
n (n + l)/2 nojiojKHxejiBHbix Koop^nnax. OGoanannM axn tohkh cooTBexcTBenno nepea x ^ n 
x'^. OGoanannM nepea A^, j G {1,2}, BbinyKjiyio oGojionKy MnoncecTBa xaKnx xoneK Aj, nxo 
xl nojiojKHxejiBHo, a nepea Aj, j G {1, 2}, — BBinyKjiyio oGojionKy MnonceoxBa xaKnx xoneK 
Aj, nxo xl oxpnpaxejiBHo. B cnjiy onpe^enennH xoneK x^ n x‘^ BBinyKjinie oGojionKn A^ n A^ 
nBjinioxcn (n + l)/2-MepHbiMH cHMnjieKcaMH, npnneM A]" nBjinexcn (n — l)/2-MepHOH rpa- 
HbK) cHMnjieKca A^, a A}" nBjinexcn {n — l)/2-MepHOH rpantio cHMnjieKca A]^. Ho jieMMe[T] 
cymecxByex BHynpennan xonna cHMnjieKca A]^, npHna^nencaman cHMnjieKcy A^, n cyme- 
CTByex BHyxpeHHHn xonna cHMnjieKca A2 , npHHafljie>Kani;an cHMnjieKcy A}". Hxo n oananaex 
aapenjieHHocxB cHMnjieKcoB A^ n A2 . 
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